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Abstract 
Faced with an ever-changing economic environment, we have focused our attention on the study of the 
evolutionary relationship between the main factors of production. The originality of this work comes from a 
qualitative and quantitative analysis of the R&D model and considers the dynamic between labor, capital 
investment and technological progress. To understand the dynamics of the relationship between these variables 
in detail and to understand their long-term behavior, we have used the classical properties of Lotka Volterra’s 
differential equations. The results of the Lyapunov function which we introduced have proved that the growth 
rate of technological progress and capital accumulation reach a stable long-term equilibrium. A numerical 
application was carried out on Canon industry and proved an evolution in the nature of the link between capital 
and R&D investment. We have attributed this behavioral change to the process of learning through interaction. 
Keywords: R&D model; Lotka-Volterra system; Lyapunov function; Equilibrium analysis. 
1. Introduction  
 R&D investment strategies are, by nature, dependent on many factors which often makes them extremely 
complex. The impact of these strategies is not known in advance and is difficult to predict which makes 
technological evolution a very difficult phenomenon to model.  
------------------------------------------------------------------------ 
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In this work, we will use the differential equation system to study this type of evolution using an analysis of the 
link existing between the growth rate of the main factors of production1. Most previous studies have focused on 
the interdependence between the various factors of production  [1, 2, 3, 4]  without considering the nature of 
their mutual dependence. Our study is rare in that it examines this dependence using the obtained but not used 
Lotka Volterra model and analyses the competitive and cooperative relationship between the factors of 
production. It should be noted that several earlier works simply used the Lotka Volterra model to study the 
interdependence between two or more economic variables  [5, 6].The classical properties of differential equation 
systems such as Lotka Volterra will enable us to prove the existence and uniqueness of a state of equilibrium. 
We have also used Lyapunov’s workings to determine the stability of the long-term equilibrium between 
technological progress and capital accumulation. This paper will proceed in the following manner: In the course 
of section 2, we will explain the stages which led to the R&D model (such as Lotka Volterra). Throughout the 
third section we will carry out an equilibrium study that will highlight the coexistence of capital accumulation 
and technological progress. We shall furthermore construct a Lyapunov function which will help us in showing 
the asymptotic convergence towards a stable state of equilibrium.  
A numerical application will then be carried out in order to verify the robustness of the model as well as the 
nature of the link between investment into capital and R&D. Section 4 illustrates the method of estimating the 
model parameters in order to determine the estimated values and also explains the interdependent nature 
between the economic variables in the case of the real market. The ﬁfth section presents our conclusions. At the 
end we’ll present our study’s limitations. 
2. Description of the R&D model 
Following the example of many economic models, we consider an economy to be made up of two sectors: a 
goods sector which produces output and an R&D 2  sector which concerns itself with the production of 
knowledge. We will use a Cobb Douglas production function. Thus, the output Y(t) is produced at time t using 
the following equation: 
Y(t) = ((1 – aK )K(t))  (A(t)(l - aL)L(t)) ’                  (1) 
where   (0, 1), represents the output elasticity of capital, ' = 1-  is the output elasticity of labor. The 
proportion aL of the labor factor is used in the knowledge production section (R&D) while the proportion 1 - aL 
is used in the production of goods sector. Moreover, the capital stock proportion aK is used in the R&D sector 
while the proportion 1 - aK is used in the production of goods sector. We furthermore assume that both sectors 
use the entirety of the knowledge stock3 A(t). 
In order to reduce text, we use Cy = (1- aK) (1- aL)’. The equation (1) takes the following form: 
                                                          
1 Capital and Labour. 
2 Note that new knowledge and ideas are generated by the R&D sector. 
3 Both sectors use the entire stock of knowledge A as the use of an idea or knowledge in one place does not prevent its use elsewhere. 
Therefore, there is no need to divide the stock of knowledge between the two sectors of activity. 
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Y(t) = CY(A(t))’ (K(t)) (L(t)) ’. The knowledge production function4 presents itself as follows: 
A(t) = E (aK K(t)) (aLL(t)) (A(t))1+                (2) 
Where E is a strictly positive factor measuring the performance of the R&D sector. ,  are also positive factors. 
A (t)  describes the flow of knowledge at time t. This function depends on the number of researchers, the existing 
stock of knowledge and of capital. In applying  
ηξ
C = E a aK K L
, the function of knowledge production takes the 
following form: A(t) = CK(K(t)) (L(t))(A(t))l+ . 
The study which we are carrying out on this work on the nature of the link between corporate strategies in terms 
of investment in R&D and capital is essentially based on the following system of production functions of goods 
and knowledge: 
α' α α'
Y(t) = C (A(t)) (K(t)) (L(t))Y
S
1 ηξ 1+θ
A(t) = C (K(t)) (L(t)) (A(t))K



 
We retain the law of capital accumulation used by [7], K(t) = s F(K(t), L(t)) - δK(t) . Where s  [0,1] is the 
savings rate and  is the capital depreciation rate. 
Based on the knowledge production function A(t) and the capital accumulation law, we are studying the nature 
of the dynamics of the link existing between the knowledge stock growth rate 
A(t)
x(t) = 
A(t)
 and the capital growth 
rate 
K(t) sY(t) - δK(t)
y(t) = =
K(t) K(t)
. Unlike most works, we assume that the labor force grows according to 
L(t)
n(t) = > 0
L(t)
which converges to the term n  0 when t tends towards +. We also retain the fact that n(t) - 
n verifies the following hypothesis : 
2+
(n(t) - n ) dt0

  converge. 
By replacing the knowledge stock growth rate with its value in (2), we obtain the following outcome: 
A(t) ηξ θ
x(t) = = C (K(t)) (L(t)) (A(t))
K
A(t)
                               (3) 
We draw from this, the algorithm, 
ln(x(t)) = ln(CK) +  ln(K(t)) + ln(L(t)) +  ln(A(t))                 (4) 
                                                          
4 Similarly to [27] and [28] we are using the Cobb Douglas specification for the function of knowledge production. 
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A derivative with respect to the time of the relationship (4) allows us to write: 
 
d x(t) K(t) L(t) A(t)
ln(x(t)) = = ξ + η + θ
dt x(t) K(t) L(t) A(t)
 
Thus, the variation of the knowledge growth rate takes the following form: 
 x(t) = x(t) ξ y(t)+θ x(t)+ η n(t)                    (5) 
Proceeding in the same manner as before, we obtain the equation which represents the variation of the capital 
stock growth rate: 
  y(t) = (y(t)+δ) α' x(t) - y(t)+ n(t)     (6) 
The equations (5) and (6) enable us to therefore acquire the following system: 
 
 
x(t) = x(t) θ x(t)+ ξ y(t)+ η n(t)
S
2 y(t) = α'(y(t)+ δ) x(t) - y(t)+ n(t)



 
The interaction of the three economic variables: the capital accumulation growth rate, the technological progress 
growth rate and the labor investment growth rate is thus expressed by the system S2. We ascertain that this rule 
represents a modiﬁed version of the Lotka Volterra’s prey-predator model5 which constitutes a relatively simple 
description of the interaction between two species or populations  [8, 9, 10] . 
After its use in mathematics and biology, this type of equation system has been very successful in economics 
and management since it is considered a simple model for the treatment of fairly complex phenomena such as 
technological substitution [11] or organizational evolution [12]. With the help of the Lotka Volterra equation 
rules, the authors in [13] analyzed the competitive dynamic relationship of the Korean stock market and 
conﬁrmed that competitive roles change with time. In [14] the author explored the effects of convergence 
between websites and the manner in which they affect the market. Reference [15] explored the Korean mobile 
telephone market. [16] studied the dynamics of durable consumer goods. Reference [17] explored economic 
growth through infectious diseases. 
The objective of our study is to describe, using a modified version of Lotka Volterra model (S2 system), the 
nature of interaction between key economic variables of firm evolution. As 
x(t)
x(t)
and 
y(t)
 
y(t)
 depend linearly to x 
and y, we can distinguish the nature of the evolution of these variables using the indicated parameters of the S2 
                                                          
5 The equations of Lotka Volterra which we refer to using the term prey predator model are a couple of non-linear differential equations of 
the first order and are generally used to describe the dynamics of biological systems in which a predator and its prey interact. They were 
proposed independently by the authors in [8] and [29]. 
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system. In effect, the sign of parameters ,  and ' represent an improvement in growth (if positive), 
indifference (if null) or the effect of suppression (if negative) of a variable on itself or on another6. x²(t) and y²(t) 
represent the terms of self-action which generally show a negative feedback as the parameters  and -' simply 
describe the interaction of a variable on itself. Thus  refers to the effect of an increase in variable y on variable 
x and ' represents the effect of an increase of variable x on variable y. 
In what follows, we will use certain classical properties of the S2 system to highlight the existence and the 
singularity of the global solution (x(t), y(t)) of the model, and will study its asymptotic behaviour7. This 
qualitative study will follow a numerical application in order to estimate the parameters of the model and 
determine, as a result, the nature of interaction which exists between the studied variables. 
3.  Analysis of the R&D model 
Since investment in R&D and in capital are both non-negative variables we must restrict our attention to the side 
of the positive quadrant plane where for any initial solution we have: {(x0, y0)/x0  0, y0  0}  R². 
3.1  Coexistence of the "predator-prey" solution 
The analysis of the competitive relationship between economic variables through the use of the Lotka Volterra 
R&D model (S2) gives us an idea of the equilibrium state and also allows us to illustrate the trajectory over time. 
Thus, taking into account the S2 system and the instance whereby isoclines x = 0  and y = 0 , intersect, we can 
prove the existence of an equilibrium point (x, y), i.e. the coexistence of variables representing the 
technological progress and the capital accumulation. We subsequently introduce a Lyapunov8 function to S2 and 
use it to prove the global stability of the model. 
The principle goal of this section is to determine possible solutions for S2. As it is impossible to calculate these 
in an analytical way (quantitative), we shall therefore focus on a rather more qualitative study of the S2 system. 
Our work aims to show that if detA > 0, and if x(0) > 0, y(0) > - the S2 system of equations allows a global 
solution which confirms that x(t) > 0, y(t) > -  whenever t  0. Proof of this relationship involves the study of 
local existence and the singularity of the solution by using theorem 1 as shown by [5]9. 
3.1.1 Local existence and singularity 
In this paragraph, we will use one of the classic outcomes regarding the existence and singularity of differential 
                                                          
6 [30]. 
7 As the dynamic process is described by differential equations in which the independent variable is time, the theory intends to predict the 
ultimate behaviour of the solutions to the equation in the distant future (when t∞).  It therefore involves understanding, from an initial 
situation, towards which values the growth rate of knowledge stock and capital stock will evolve. 
8 One general way to establish the overall stability of a differential equation system is to use Lyapunov’s function. See [31, 34, 33]. 
9 Page 6. 
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equation solutions10, which involves a given initial value (x0, y0), and uses the Cauchy-Lipschitz theorem11. 
 Recall that if  f, g : 
3
R R of class C1 such as: 
x(t) = f(x, y,t)
y(t) = g(x, y,t)
(1)
x(0) = x
0
y(0) = y
0





 
Then, there exist tmax > 0, so long as the problem (1) allows a unique solution in [0,tmax). Then we show that if 
(x(t),y(t)) is bounded on [0, tmax) then tmax = +, that is to say the solution which exists is global. 
The application of this outcome to our study whereby f(x, y, t) = x(t) [ x(t) +  y(t) +  n(t)] and g(x, y, t) = 
’(y(t) + )[x(t) - y(t) + n(t)], allows us to state that tmax > 0, exists here and as such S2 permits a unique 
solution for [0,tmax). In the following paragraph, we'll prove that the solution (x(t),y(t)) is bounded on [0, tmax), 
which allows us to have tmax = +, which implies the solution is global. 
3.1.2 Global Attractivity 
Before revealing the global solution of S2, it is first necessary to prove the stability of the rule S ={(x, y)/ x > 0, 
y> -}, that is to say that if there exists a solution based on time [0, tmax) and if x(0) > 0 and y(0) > - then x(t) > 
0, y(t) > - on [0,tmax). Proof can be found in the Appendix. 
We will now try to show that the solution which exists is global, and tmax = +. It is sufficient for us to prove 
that (x(t), y(t)) is bounded, and for that we will use Lyapunov's theorem [18]. The construction of the Lyapunov 
function requires knowledge of the equilibrium state in the dynamic system S2 to thus obtain the point (x, y), 
where neither of the two variables evolves. 
We start by writing the S2 system in its matrix form: 
 
 
x(t) ξ y(t)+θ x(t)+ η n(t)x(t)
X(t) = =
y(t) α'(y(t)+ δ) x(t) - y(t)+ n(t)
  
  
   
, Which is 
equivalent to, X(t) = diag(x(t), y(t) + δ)[AX(t) + b]  Where, 
θ ξ
A =
α' -α'
 
 
 
, 
x(t)
X(t) =
y(t)
 
 
 
 and 
ηn(t)
b =
α'n(t)
 
 
 
. 
The determinant of matrix A is thus equal to '( + ), which enables us to say that the point representing the 
equilibrium state between capital and knowledge growth rates (x, y)  
2
R+ , as we explain below, is the 
unique point of equilibrium if, and only if, detA  0. As the inverse matrix is given by: 
                                                          
10 Like S2. 
11This theorem was first introduced by Cauchy in 1844 then generalized by Lipschitz; not long after, a demonstration of this fundamental 
outcome could be found in [34], chapter 15. 
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1 -α' -ξ-1
A =
-α' θ-α'(θ + ξ)
 
 
 
 
The equilibrium point(s) are written as follows: 
-ηn1 -α' -ξ-1
X = A (-b ) =
-α'n-α' θ-α'(θ + ξ)

 

  
  
  
-(η + ξ)n1
=
(θ - η)n(θ + ξ)


 
 
 
 
Hence, 
η + ξ
x = - n
θ + ξ
θ - η
y = n
θ + ξ
 
 





  
We find that at equilibrium, the values of the two system variables, depending on the four parameters , , , n 
remain stable indefinitely 12 , We also remark that the capital depreciation rate "" has no impact on the 
equilibrium point. 
We will now proceed to the second stage of our study which consists of determining the Lyapunov13 function 
"V(x(t),y(t))" which has certain properties linked to system (1). 
Based on the literature 14  surrounding differential equation systems 15 , where the Lyapunov function is 
conventional for n(t) = 0, we construct a Lyapunov function in a general context where the employment growth 
rate n(t) is a variable which depends on time; this represents a novelty compared with previous works. 
Let, 
x(t) 2θ + ξ y(t)+ δ t
V(x(t), y(t),t) = x(t) - x - x ln - y(t) - y - (y + δ)ln - A (n(s) - n )²ds0
x α' y + δ
    
 
 
 
 
     (7)          
where A is a positive constant which we define later on. It should be noted that the function V(x(t), y(t), t) is 
clearly defined in [0, tmax), because for any t  [0, tmax), the solution of the differential equations system (S2) 
verifies:  x(t) > 0 and y(t) > -. 
The derivative of the equation (7) in relation to time gives us the following outcome: 
x y + δd 2θ + ξ
V(x(t), y(t),t) = 1 - x(t) - 1 - y(t) - A(n(t) - n )²
dt x(t) α' y(t)+ δ
 

   
   
   
 
                                                          
12 Not dependent on time. 
13 In effect, the Lyapunov function is a type of dissipating energy which serves as a brake to the solution so that it does not explode. 
14 [32, 34, 36, 38]. 
15 Lotka- Volterra systems. 
American Scientific Research Journal for Engineering, Technology, and Sciences (ASRJETS) (2018) Volume 39, No  1, pp 138-158 
145 
 
By replacing   and x(t) y(t)  with their values in (S2), we obtain the following equation: 
     
d
V(x(t), y(t),t) = x(t) θ x(t)+ ξ y(t)+ η n(t) - 2θ + ξ y(t) x(t) - y(t)+ n(t) - A(n(t))²
dt
 
With x(t) = x(t) - x  ; y(t) = y(t) - y  ; n(t) = n(t) - n . 
By using the fact that  x +  y +  n = 0 and x - y + n = 0, the derivative of the function V(x(t), y(t), t) 
takes the following form:      
d
V(x(t), y(t),t) = x(t) θ x(t)+ ξ y(t)+ η n(t) - 2θ + ξ y(t) x(t) - y(t)+ n(t) - A(n(t))²
dt
. 
A simple calculation allows us to say that: 
          
d 2 2 2
V(x(t), y(t),t) = θ x(t) - y(t) + θ + ξ y(t) + η n(t) x(t) - y(t) - 2 θ + ξ - η n(t) y(t) - A n(t)
dt
                (8) 
As      
2
θ 2 η 2
η n(t) x(t) - y(t) - x(t) - y(t) + n(t)
2 -2 θ
                                                  (9) 
and 
 
 
 
2
2 θ + ξ + ηθ + ξ 2 2
-(2 θ + ξ - η) n(t) y(t)   - y(t) - n(t)
2 θ + ξ
                                                              (10) 
We can then combine (8), (9) and (10), in order to obtain the following inequality: 
   
 
 
22 2 θ + ξ + ηd θ 2 θ + ξ 2 η 2
V(x(t), y(t),t) x(t) - y(t) + y(t) + + - A n(t)
dt 2 2 -2 θ -(θ + ξ)

 
 
 
 
                              (11) 
If  
 
22 2θ + ξ + ηη
A = + > 0
-2θ -(θ + ξ)
, then (11)  is written as follows:  
   
d θ 2 θ + ξ 2
V(x(t), y(t),t)  x(t) - y(t) + y(t)
dt 2 2
                                                             (12) 
This allows us to state that function V is declining. Moreover, we have: 
V(x(t), y(t), t)   V(x(0), y(0), 0) = V0,   t  [0, tmax). 
Using the notion that  
2+
n(t) dt0

  converges, we obtain for any t  [0, tmax). 
American Scientific Research Journal for Engineering, Technology, and Sciences (ASRJETS) (2018) Volume 39, No  1, pp 138-158 
146 
 
 
x(t) 2θ + ξ y(t)+ δ + 2
x(t) - x ln - y(t) - (y + δ)ln A (n(s) )ds +V0 0x α' y + δ


 
 
 
 
 
                              (13) 
As x  0 and y  0 thus 
x(t)
x(t) - x  ln  0
x


     if     x(t) 0                                                                                                                  (14) 
And 
 
y(t)+ δ
y(t) - y - y + δ ln 0
y + δ
 

  if     y(t) -δ                                                                                               (15) 
By combining 
2θ + ξ
> 0
α'
 with the inequalities (13), (14) and (15) we obtain for any t  [0,tmax) 
x(t) 2+
0 x(t) - x  ln A (n(s) )ds +V0 0x

  

                                                                                                     (16)       
and 
 y(t)+ δ -α' + 20 y(t) - (y + δ)ln A (n(s) )ds +V0 0y + δ 2θ + ξ

 

                                                                     (17)         
With the relationship (16), we deduce that x(t) is bounded on [0, tmax). Similarly, the relationship                                                                           
(17) proves that y(t) is bounded on [0, tmax). Thus, we conclude that the vector (x(t),y(t)) is bounded on [0, tmax). 
And as theorem 1 indicates, tmax = +, the solution (x(t),y(t)) is thus global. 
After having proved the general existence and singularity of the model's solution (x(t),y(t)), we continue our 
qualitative study by analyzing the convergence of (x(t),y(t)) to observe its long-term behavior. 
3.2 Convergence towards an equilibrium state 
This section is based on studying the convergence of the (S2) global solution towards an equilibrium state (x , 
y). We will proceed in two stages: the first consists of proving the solutions convergence whilst the second is 
dedicated to showing that the convergence does lead towards the equilibrium point (x ,y). 
3.2.1 Convergence of the model's solution 
The key element which will allow us to show the convergence of the solution (x(t), y(t)) of (S2) consists of using 
the function V(x(t), y(t), t) defined in (7) and also introduces a second Lyapunov function W(x(t), y(t), t), that is 
close to the first in order to guarantee that the coefficients of W(x(t), y(t), t) remain close to those of V(x(t),y(t), 
American Scientific Research Journal for Engineering, Technology, and Sciences (ASRJETS) (2018) Volume 39, No  1, pp 138-158 
147 
 
t), in a manner which preserves the decline of the second function. 
Let, for any t  0 
 
x(t) 2θ + ξ + 2θ (ξ + θ) y(t)+ δ + 2
W(x(t), y(t), t)  = x(t) - x ln - y(t) - (y + δ) ln - B (n(s) )ds,0
x α y + δ

 
 
 
 
 
              (18)                    
It should be noted that 2θ + ξ + 2θ (ξ +θ)- > 0
α
 and B, is a positive constant which will be determined later on. 
Proceeding in the same way as before, we will take the derivative of the function W with respect to time which 
gives us: 
 
2
2
d ξ +θ θ + ξ 2
W(x(t), y(t), t)  = θ x(t) - (1 - )y(t) + y(t)
dt 2θ
 
 
 
ξ + θ
+ θ x(t) - (1 - )y(t) n(t)
2θ
 
 
 
 
                            
5 θ (ξ +θ) 2
- (θ + ξ + )y(t) n(t) - B (n(t))
2
                                                                     (19)                                                    
We will use the mathematical relationship: ab 
a² + b²
2
  to be able to write the following inequalities: 
2
ξ +θ θ ξ +θ θ
θ x(t) - (1 - )y(t) n(t) - x(t) - (1 - )y(t) - (n(t))²
2θ 2 2θ 2

   
   
   
                                                  (20) 
and 
2
5θ(ξ +θ)
θ + ξ +
25θ(ξ +θ) θ + ξ 2
- (θ + ξ + )y(t)n(t) - (y(t))² - (n(t))
2 4 θ + ξ

 
 
 
                                        (21) 
Using (19), (20), (21) and by giving to B the following value :
2
5θ(ξ +θ)
θ + ξ +
2 θ
B = - -
θ + ξ 2
 
 
 
 , we obtain the 
following inequality: 
 
4
2
d θ ξ +θ ξ +θ 2
W(x(t), y(t), t)   x(t) - (1 - )y(t) + y(t)
dt 2 2θ

 
 
 
                                                                   (22) 
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As θ < 0,  (θ +ξ) < 0  thus 
d
W(x(t), y(t), t)  0
dt
  which implies the decline of the function W(x(t),y(t), t). According 
to (14) and (15) we have for any t  0, V(x(t),y(t), t) 
+ 2
-A (n(s) )ds ,0

  and W (x(t), y(t), t)   
+ 2
-B (n(s) ds.0

  
Since V(x(t),y(t),t) and W(x(t),y(t),t) are decreasing then they are converging. Furthermore, by using the 
expressions of V(x(t),y(t)) and W(x(t),y(t)) we obtain the following result: 
2θ(ξ + θ) y(t)+ δ
(y(t) - y - (y + δ)ln = V(x(t), y(t),t) - W(x(t), y(t),t)
α y + δ
 
 
 2t+(B - A) (n(s) )ds.0
                                          (23) 
It becomes clear, then, that the term to the right of the equation (23) converges. In effect, as the linear 
combination of the two converging functions V(x(t),y(t),t) and W(x(t),y(t),t) is converging and
t 2
(B - A) (n(s) )ds0 converges towards 
2+
(B - A) (n(s) )ds0

 , which implies the convergence of 
y(t)+ δ
y(t) - y - (y + δ)ln
y + δ
 

 . In conclusion, the growth rate of capital investment, y(t), converges. 
Similarly, using the fact that V(x(t), y(t), t) converges as does y(t), we deduce that 
x(t)
x(t) - x - x  ln
x
∞ ∞
∞
 converges, 
which enables us to say that x(t) is also converging. 
After having proved the convergence of the capital accumulation and technological progress growth rates 
(x(t),y(t)), we will confirm its convergence to the equilibrium point (x , y )∞ ∞ . 
 
3.2.2 Convergence of the model's solution to the equilibrium 
The second half of this qualitative analysis aims to confirm the S2 solution's convergence to the point of 
equilibrium (x , y )∞ ∞ . In effect, integrating the relationship (12) between 0 and t allows us to obtain the 
following result: 
θ θ + ξt t 2
- (x(s) - y(s))²ds - (y(s)) ds V(x(0), y(0),0) -V(x(t), y(t),t).0 0
2 2
  ≤ As V(x(t), y(t),t) 
2+
-A (n(s) )ds,0
∞   thus 
θ θ + ξt t +2 2
- (x(s) - y(s))²ds - (y(s)) ds V(x(0), y(0),0)+ A (n(s) )ds.0 0 0
2 2
  
∞
≤
        
 
Recall that -θ> 0 and -( θ +ξ) > 0 thus, 
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(
2t + 2
(x(s) - y(s))²ds V(x(0), y(0),0)+ A (n(s) ds)).0 0
-θ
 
∞
≤                                                                                    (24) 
And 
(
2t + 2
(y(s))²ds V(x(0), y(0),0)+ A (n(s)) ds).0 0
-θ - ξ
 
∞
≤                                                                                         (25) 
As t tends towards infinity in (24) and (25) we deduce that 
+
(x(s) - y(s))²ds0
∞
and 
+
(y(s))²ds0
∞
do converge. 
From what is above, we have already obtained the convergence of x(t) and of y(t), where we can state that 
(x(t) - y(t))²ds  and (y(t))² converges, and thus (x(t) - y(t))²  and (y(t))² converges towards zero16, that is to say the 
solution of the S2 model, (x(t), y(t)), converge towards the equilibrium point (x, y). 
We continue our study into the dynamics of the main factors of production growth rates by building on a 
numerical analysis of one of the most important optical industries, Canon. 
4. Numerical application 
As it is always important to verify the authenticity of any given theoretical study, in what follows we shall 
tackle an example from the real market, Canon industry. 
4.1 Description of the practical case 
Essentially, our study focuses on the S2 model which allows us to describe the evolution of the nature of 
interaction between economic variables x(t), y(t) and n(t). 
Investments in capital and R&D are known as being variables which intervene in the same industrial envi-
ronment and so there exists a classical way to describe the various relationships between x(t) and y(t), as 
illustrated in the table below: 
Table 1: The nature of relationships between x(t) and y(t) 
Signe de   ’ 
 - 0 + 
Signe de   - competition   
 
 0 Amensalism    Neutralism  
 + Predation Commensalism Mutualism 
 Source: [19] 
                                                          
16 This result is known in the case of general integrals. 
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Based on the work of [20, 21, 22] and on the data in the above table, we can distinguish 6 modes of interaction 
which can exist between the R&D and capital growth rates x(t) and y(t), and that depends on the sign of the 
model's parameters. This brings us to estimate the parameters of S2 in order to know their signs and identify as a 
result the mode of interaction which really exists between the growth rate of both capital accumulation and 
technological progress in Canon, an industry with a high degree of innovation. 
4.2 Parameters Estimation 
Our studied S2 system involves 5 parameters which we will try to estimate using experimental data from Canon 
industry in order to identify the nature of the relationship between variables. 
4.2.1 Initial data 
The numerical evaluation of the S2 model is based on quarterly data describing the growth rates of investment in 
capital, R&D and labour in the Canon industry. These data have been compiled from annual reports that are 
available online from the first quarter of 2000 to the final quarter of  2014, covering a total of 56 quarters. 
Several tests with simulated data parameters were carried out to allow us to adopt an initial estimate of (’0, θ0, 
0, 0, 0). The latter is used to give a more precise estimate of the parameters of the model. 
4.2.2 Model parameters estimation 
In order to evaluate the estimated values of the model's parameters, we will use the information we have 
available on the evolution of time data of the variables x(t) and y(t). We'll estimate the parameters of S2 by 
adapting them to the experimental data. The estimation of the unknown parameters of the model  (, θ ,, ’ and 
) are created by using the values of x and y  which we obtained from experimental data. This will prove 
benefits when searching for parameters that adapt well to the experimental data. We thus define a function of the 
least squares which measures the difference between the simulated values ( x and y ) and the experimental data. 
We shall find the minimum error starting from an initial state. This practical study was carried out on Matlab 
where the fminsearch algorithm was performed with random initial values in order to ensure the convergence of 
the algorithm towards a global minimum rather than being restricted by a local minimum. Table 2 below 
describes the estimated values of the model parameters. 
Table 2: The parameters estimated values 
 Parameter Estimated value 
p(l)=  0.9152 
p(2)= θ -3.2302 
p(3)=  1.8632 
p(4) = ’ 0.8668 
p(5) =  0.7247 
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Application of Matlab (fminsearch and ODE 45) produced an S2 system with the following estimated values: 
       
        
  = x t -3.2302 x t  + 0.9152 y t  + 1.8632 n t
 = 0.8668 y t  - 0.7246  x t  – y t  + n t
x
S
2
y
    

   
 
The estimated parameters of the S2 system illustrate significant information regarding the dynamics of the 
described process. In fact, we found that the coefficients  and ’ are of the same sign17, which indicates that the 
results of the modified Lotka Volterra (S2) simulation model reveal the nature of interaction between the growth 
rate of capital and R&D investment in showing a “mutual” competitive relationship according to the 
classiﬁcation presented in Table 1. This type of link [20, 23]  indicates that the R&D investment growth rate 
exerts a positive inﬂuence on the evolution of the capital investment growth rate and that the latter also exerts a 
positive inﬂuence on the evolution of the R&D investment growth rate. This type of interaction is thus a kind of 
intimate association with a reciprocal beneﬁt. The capital investment growth rate can thus be described as a 
“bodyguard” of the of R&D investment growth rate. The two variables therefore describe a cyclical link that is 
win-win for both parties. In addition, the relative curves for the growth rates of investments in R&D and capital, 
which are based on the estimated functions of x and y are illustrated in Figure 1 below. These curves follow 
approximately the same trajectory as the real data. This signiﬁes that the S2 system perfectly explains the 
evolution of the growth rates of the investment in capital and R&D at Canon industry. 
4.3 Analysis of the "technological progress-capital accumulation" relationship 
As illustrated above, There are many kinds of relationships between capital accumulation and technological 
progress and are classified according to the sign of the parameters  and '. Based on the results of the estimated 
values presented in Table 2, we find that the coefficients  and ' are positive, indicating thus a "mutual" 
relationship between the growth rate of the investment in capital and in R&D. However, figures 2 and 3 show 
that at the start of the study period, the growth rate of the capital and R&D investment interact following the 
Lotka Volterra predator-prey relationship. In fact, when the variable x tends to increase, y tends to decrease and 
vice versa. This phenomenon can be explained by the fact that the capital investment is key to the success of 
innovation projects and its growth ensures the evolution of R&D. In a sense, the evolution of capital ensures the 
survival of innovation projects within a firm which explains the predator-prey relationship between capital 
accumulation and technological progress. In some ways, R&D investment acts as a sort of predator whilst 
capital investment (prey) grows exponentially under the hypothesis that the population of prey can find enough" 
food" at any time and starts to decrease when a sufficient number of predators appear. Whereas, the growth rate 
of investment in R&D (predator) decreases in an exponential manner and grows when there is sufficient prey. 
                                                          
17  and ’ are positive.  
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As time passes we see that, as indicated in figure 2, a cycle of increase and decrease repeats itself. In reality, this 
is a simple description of the Lotka Volterra model which is essentially used in biology18 Then after a certain 
time19, the two variables witness a mutation towards a new form of relationship20 known under the name of 
mutualism. In effect, this kind of interaction between variables or species has been classified by specialists 
according to several categories; symbiosis, commensalism, cooperation, facilitation, reciprocal altruism and 
mutual aid [24]. 
 
 
  
                                                                                                         
 
 
 
                                                          
18 [38].  
19 Intermediate and long periods. 
20 A type of mutation. 
 
                                                                   
Figure 1: Real and simulated data 
 
Figure 2: R&D and K growth rates as a LV 
Model 
 
 
 
 
 
 
 
Figure 2: The Evolution of the growth rate 
of the Investment on capital and R&D 
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This mutualism has also been proved by the sign of the estimated parameters  and ’ . Figure 3 thus describes 
the mutation of x(t) and y(t) towards a new type of relationship where the evolution of one is more beneficial to 
the evolution of the other before the global convergence towards the equilibrium. 
4.4 Equilibrium analysis 
The analysis of the S2 model can provide us with a certain amount of information on the state of equilibrium and 
the change of the trajectory depending on time. This analysis furthermore allows us to identify the stability of 
the equilibrium. We begin this work by finding the equilibrium state (x,y) and analyzing the stability of the 
growth rate of capital investment and R&D investment of the S2 system by setting their evolution to zero:  
( 
dx dy
= 0, = 0
dt dt
 and  n(t) n→ ∞ ). 
At the equilibrium point, the S2 differential equations are equivalent to the following algebraic equations: 
 
 
θx(t)+ ξy(t)+ ηn = 0
α' x(t) - yδ(t)+ n = 0



∞
∞
 
The system of equations above can also be expressed in the following manner: 
ηn - ξy
x =
θ
∞
,
α'n - α'x
y =
-α'

                                                                                                         (26) 
The two expressions 
dx dy
= 0 and = 0
dt dt
grow to the equilibrium point where capital accumulation and 
technological progress coexist without a dynamic change. 
Following the equations presented above, if 
ηn(t) - ξy(t)
x(t) <
θ
then 
dx
> 0
dt
 which signifies that the 
growth rate of the investment in R&D 21  will witness an increase. In the opposite case, when
ηn(t) - ξy(t)
x(t) >
θ
 and so 
dx
< 0
dt
, the growth rate of R&D investment sees a decrease. Following the 
same logic, the growth rate of capital investment will increase if 
α'n(t) - α'x(t)
y(t) <
-α'
 and vice versa. In 
the long term, the growth rates of investment in capital and R&D reach the equilibrium at the point (x, y), 
which is the point of intersection of the two lines of the equation (26). The stability of this equilibrium point 
                                                          
21 Recall that x(t) represent the growth rate of R&D investment. 
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depends on the values of the S2 coefficients. 
Figure 3 describes the simulated trajectories of the growth rate of the investment in capital and in R&D in 
Canon industry. We can clearly see that at the start, the growth rate of one increases whilst the other decreases 
(following the predator-prey behavior), then the two variables witness a mutual interaction which leads to a 
convergence towards the point of equilibrium which is the point (0,0). This change in behavior (from predator-
prey to mutualism can be explained by the effect of learning through interaction in the sense of B.A. Lundvall). 
Moreover, using the estimated values of the model parameters, we can prove with the help of Lyapunov 
functions that investment in R&D and in capital converge towards a stable equilibrium point which is 
asymptotically stable as the given conditions of the parameters (-θ = 3.2302 is  > 0 as well as -( θ +) = 4,1454 
is > 0) permit the following relationships: 
V(x(t),y(t),t) 0  and  
dV(x(t),y(t),t)  
𝑑𝑡
 0,     W(x(t),y(t),t) 0 and   
W(x(t),y(t),t) 
𝑑𝑡
 0. 
The equilibrium relationships between capital accumulation and technological progress are stable in the long-
term. The two variables thus reach a phase of maturity. 
5. Conclusion 
In this paper we have attempted to develop a modiﬁed version of the Lotka Volterra model in order to study the 
interactive dependence between the main factors of production. Speciﬁcally, how the relationship between 
technological progress and capital accumulation evolve over time. 
To the best of our knowledge, very few studies focus speciﬁcally on the dynamics of the link that exists between 
technological progress and capital accumulation. The originality of our work therefore lay in the idea of 
illustrating and analyzing the evolution of the relationship between these economic variables22 in the same 
industry23. 
The analytical results of our research illustrate a change in behaviour over time with regards to the evolution of 
two key economic variables (investment in R&D and in capital). In fact, we have recorded the passage from a 
predator-prey relationship to a more mutual relationship before reaching a stable long-term equilibrium. 
We explain this type of behaviour mutation by the birth of a new type of learning through interaction in the 
sense of the authors in [25] which meant that technological progress and accumulation of capital learn to draw 
mutual proﬁt from each other as time goes by. By basing ourselves on the numerical application of results 
obtained by Canon industry, we suggest the coexistence of technological progress and capital accumulation 
following two forms of relationship, competition and cooperation. 
                                                          
22 Growth rate of the investment in R&D, in capital and in labour. 
23 Canon Industry. 
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The labour growth rate also plays an important role in the area of our model. In effect, the growth rate of both 
technological progress and capital accumulation in the long run is controlled by the labour growth rate. In 
addition, the results of the Lyapunov investigation show the existence of a stable overall equilibrium. It should 
be noted that if the model solution is stable, S2 converges to an equilibrium position which shows that the 
growth rates of technology and capital accumulation will converge to zero and the ﬁrm will stop growing and 
become stagnated. 
6. Limitation of study 
In this paper we developed a modified version of the Lotka-volterra model. The results of this study allowed us 
to have a better understanding of the interactive relationships among main economic variables. We have also 
shown the impact of the learning by interaction on the dynamic link between investment in R&D and capital 
investment. 
The numerical method used in this study to find a global asymptotic solution didn’t take into account possible 
chaotic system. Since, the R&D model is characterised by a high degree of uncertainty due to the irregular 
events in the market, we will try, in future studies to consider ﬁnancial crises when adopting the Lotka Volterra 
numerical simulation method to determine the parameters of the model and its chaotic solution. This will allow 
the model to better reflect the actual situation as well as investigate new dynamic relationships with other 
economic variables. 
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7. Appendix : Proof of the stability of S  
Considering that S= {x, y  IR²  x > 0,y > -} 
The boundary of  S is made up of two half-levels Dl and D2 with, 
Dl = {x, y  IR²  x > 0, y = -}   and  D2 = {x, y  IR²  x = 0, y > -} 
Taking (x,y) a point in  D1 , we thus have, 
 0
n =
-1
 
 
 
 and f(x,y)= 
x(θx + ξδ + θn)
0
 
 
 
 
It is therefore clear that f(x, y) . n = 0 . 
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On the other hand, if (x,y) is taken as a point in D2 we have, 
-1
n =
0
 
 
 
  and  f(x,y)= 0
(y + δ)α'(-y + n)
 
 
 
 
The same reasoning gives us f(x, y). n = 0 . 
The proof of the stability of S is based on the following theorem: 
Theorem : Assuming S is a regular closed area without borders on IR² 
x(t) = f(x, y,t)
y(t) = g(x, y,t)



                          (1) 
Where f and g are continuously differentials. Supposing that n  is a normal vector coming from the area S at the 
point (x,y), and (x, y)  S we have: n . < x, y >= 0 . Therefore S is invariable 24 with respect to system (1). 
This theorem is a classic result of differential systems, citing the title [17]. 
Hence the application of the above theorem allows us to say that S is an invariant, that is to say if (x(0), y(0)) 
S. 
Then  (x(t), y(t))  S. 
 
 
 
 
 
                                                          
24 In general, a surface S is invariant with respect to a system of differential equations if every solution that stats on S does not escape S. 
 
